ON THE REPRESENTATIONS OF INTEGERS BY THE SEXTENARY 
QUADRATIC FORM x 2 + y 2 + z 2 + 7s 2 + 7t 2 + 7u 2 AND 7-CORES 



ALEXANDER BERKOVICH AND HAMZA YESILYURT 

Abstract. In this paper we derive an explicit formula for the number of representations of an 
integer by the sextenary form x 2 + y 2 + z 2 + 7s 2 + 7t 2 + 7u 2 . We establish the following intriguing 
inequalities 

2b(n) > 07 (n) > 6(n) for n ^ 0, 2, 6, 16. 
Here 07 (n) is the number of partitions of n that are 7-cores and b(n) is the number of representations 
of n + 2 by the sextenary form (x 2 + y 2 + z 2 + 7s 2 + 7i 2 + 7u 2 )/8 with a;, 1/, 2, s, 4 and u being odd. 



1. Introduction 

Recall that a partition is called a t-corc if it has no rim hooks of length t [10]. Let a*(n) be the 
number of t-core partitions of n. It is well known that [11], [8] 



* "Itf + h-n _ E (g 

•"tv/y — / y- 



where 

(1.2) ^:=(0,l,2,..,t-l), it := (1, !,...,!), 



E{q) :=n(l-g"). 



Let 



(1.3) <p(q):= E ^ Ml) := $> n(n+1 



)/2 

n=0 



Throughout the paper we assume that g is a complex number with |g| < 1. For convenience, the 
coefficient of q n in the expansion of H(q) will be denoted as [q n ]H(q). For a partition 7r, BG-rank(7r) 
is defined as an alternating sum of parities of parts of ir [2], [3]. In [4], the authors found positive 
eia-quotient representations for the 7-core generating functions J2n>o a 7,j( n ) < f > t where 07^(71) denotes 
the number of 7-cores of n with BG-rank = j and established a number of inequalities for aTj(n) with 
j = —1, 0, 1, 2 and 07(71). In this paper, we prove lower and upper bounds for 07(71), namely, 

Theorem 1.1. 



(1.4) [g"](l + 5g 6 + g 16 + 2oV> 3 (g)^V))> W' 

where the inequality is strict if n 7^ 0,6 or 16. 
and 



E(q) 
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Theorem 1.2. 

(1.5) [ q »]^& + /j >[g»](# 3 (g)VV)). 

We should remark that the inequality in (1.5) is only strict as it can be seen in the proof of Theorem 
1.2 when n is even and n ^ 2. Theorem 1.1 and Theorem 1.2 are proved in sections 5 and 6. 

It is well known that every integer can be written as sum of three triangular numbers, that is 
[q n ]ip 3 (q) > for all n > 0. This together with (1.5) implies that 

E 7 (n 7 ) 

[<?"] rr- > for all n > 3, and hence for all n > 0. 

E K1) 

In fact, Granville and Ono showed that [9] if t > 4, then 

k n ]^Jrr- > for all n > 0. 

The lower bound given by (1.5) improves the Granvillc-Ono result when t = 7. 

Essential to our proofs are the following theta function identities which we prove in section 4 by 
employing the theory of modular equations 

Theorem 1.3. 

7»> 3 (-,V 3 (-,') = - 4 9 (, 2 ^|2 + ,B 3 (,)£ 3 (, 7 )) 

and 

56<zV W(9 7 ) = A ^ 2 ^Q- + 7qEHq)E 3 ( q 7 ) 
(1.7) -4 9 j^ + ,W)£VV'^ E7{q2) 



E{q*) ' H * > " >J E (q 7 ) E(q") ' 

The rest of the paper is organized as follows. In the next section, we recall two Lambert series 
identities of Ramanujan which we extensively use in our proofs. In section 3, we give a brief introduc- 
tion to modular equations. Then, we prove Theorem 1.3 and from it we derive an explicit formulas 
for the number of representations of an integer by the sextenary forms x 2 + y 2 + z 2 + 7s 2 + 7t 2 + 7u 2 
and (x 2 +y 2 + z 2 + 7s 2 + 7t 2 + 7u 2 )/8 with x, y, z, s, t and u being odd for the later case. In the last 
two sections, Theorem 1.1 and Theorem 1.2 are proven. 

2. Two Lambert Series Identities of Ramanujan 
We start with two Lambert series identities of Ramanujan[6] which we will employ in our proofs. 

L W : =?( 1 -0|)- 7 ^ 3 ^ 3 ^ 

OO 9 n 



n=l 

and 



K{q) :=8q 2 ^-^ + q E'\q)E-\q 



<"> =E(?) 



n\q n (l + q n ) 
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We should remark that (2.1) and (2.2) are equivalent under the imaginary transformation [7]. It is 
easy to see that 

(2.3) ^) = E(E*®)«" Bad *( 5 ) = £(E d2 (^)y- 

n=\ d\n n=l d|n 

The coefficients of L(q) and if(g) are clearly multiplicative. The reader may wish to consult [1] 
for background on multiplicative functions, convolution of multiplicative functions and Legendre's 
symbol. Using multiplicity it is easy to conclude from (2.3) that 

r , 2vi+2 s (_-i\Wj I 2wj+2 

(2-4) mm = {-it n n ^ ■ 

i=l z 7 — 1 3 

r , 2vi+2 s /_-« \ Wj | 2wj+2 

(2-5) b*™ = 7- n ^ n - 

4=1 * j = l 3 

where n has the prime factorization 

»=i j=i 

with ^ = 1,2, 4 (mod 7), qj = 3, 5, 6 (mod 7), and b = w j- We note that (2.5) was stated as 

Lemma 1 in [8] . 
Next, let 

(2.6) M(q):=qE 3 (q)E 3 (q 7 ). 
From [8, p. 11, Lemma 2], we have 

r9 7 ^ r-ni ft/f( n \ _ / (- ? ) C Ili=i F (Pi> v i) Uj=i Qi* if each W J is even 

(2.7) [q \M(q) | Q otherwise, 

where the prime factorization of n is defined as above and 
with 

/3 = x + V—fy, P — x — \J — 7y, 
where x and y are the positive unique integers satisfying p = x 2 + 7y 2 provided p = 1,2,4 (mod 7) and 
p > 2. lip = 2, then 

(3 = (1 + >/=7)/2, 0={l-V = 7)/2. 
Next, We give background information on modular equations. 

3. Modular Equations 

For < fc < 1, the complete elliptic integral of the first kind K(k), associated with the modulus k, 
is defined by 



K{k) :-- 



de 



lo Vl - k 2 sin 2 9 

The number k' := \J\ — k 2 is called the complementary modulus. Let K,K',L, and L' denote 
complete elliptic integrals of the first kind associated with the moduli k, k' , £, and £', respectively. 
Suppose that 

K' V 
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for some positive rational integer n. A relation between k and I induced by (3.1) is called a modular 
equation of degree n. There are several definitions of a modular equation in the literature. For 
example, see the books by R. A. Rankin [12, p. 76] and B. Schoeneberg [13, pp. 141-142]. Following 
Ramanujan, set 

a = k 2 and = £ 2 . 
We often say that has degree n over a. If 

(3.2) q = exp(-nK'/K), 

two of the most fundamental relations in the theory of elliptic functions are given by the formulas [5, 
pp. 101-102], 

(3.3) ip 2 (q) = -K(k) and a = k 2 = 1 - V [ ~ q } . 

it (p' l {q) 

The equation (3.3) and elementary theta function identities make it possible to write each modular 
equation as a theta function identity. Ramanujan derived an extensive "catalogue" of formulas [5, 
pp. 122-124] giving the "evaluations" of E{q), ip(q), tp(q), and \{q) a * various powers of the arguments 
in terms of 

2 

z := Z\ := —K(k), a, and q. 

TT 

The evaluations that will be needed in this paper are as follows 



(3.4) 




= V~z{{\- 




(3.5) 


v>(-<?) 


= T 1/8 V 


^Wi-«)} 1/8 , 


(3.6) 


E(-q) 


= 


-V M y/Z{a{l - a)} 1 / 24 


(3.7) 


E(q 2 ) 


= 2-^ 3 q - 




(3.8) 




= A-^q 


-Ve^aVe^-a) 1 / 24 . 



We should remark that in the notation of [5], E(q) = f(—q). If q is replaced by q n , then the evaluations 
are given in terms of 

2 



7T 



-_K(l), 0, and q n , 



where has degree n over a. 

Lastly, the multiplier m of degree n is defined by 

(3.9) rn=4^ = ~- 

The proofs of the following modular equations of degree 7 can be found in [5, p. 314, Entry 19(i),(iii), 
(viii)] 

(3.10) (a0) 1 / 8 +{(l-a)(l-0)} 1/S = 1, 

, a 7 (1 _ a) 7 1/24 

(3.11) rn = lUi^J I = _ I Ud-^W 

_L 1 Til _L 1 

{(1 - a)(l - 0)} s -(a/3) 8 {(1 - a)(l - /?)} 8-(a/9)8 

(3.12) m - 7/m = 2((a/3) 1 /8_{(i _ a)( i _ /3) } 1 /8) ( 2 + ( a/3 )V4 + { (1 _ a )(l - /3)} 1/4 ). 
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4. Proof of Theorem 1.3 

In the language of modular equations the identities (1.6) and (1.7) are reciprocals of each other [5, 
p. 216, Entry 24(v)] and so we only prove (1.7). In (1.7), we replace q by — q and use the evaluations 
given in (3.5)-(3.7), we find that 



-7V^/«?{a/3(l - a)(l - /3)} 3/S 
49 74 //3 7 (1 -/3)V/24 7 



49 f(«) ,/,2 -f^/^-^-«r 



4 y/z V a(l — a) 

1 ^ /a 7 (l - a) 7 \i/24 1 VI 7 /a 7 (l - a)V/i 



(4 1) IV^/aHl 
1 J 2,/i7V 0(1 



2y^V /3(1-/J) y 4^V 0(1 -/J) 
We divide both sides of (4.1) by Vz^^/zJ and use (3.9) and conclude that (4.1) is equivalent to 
49 l\ /£ 7 (1 -/3) 7 \ 1/2 Vl 2 f, /a 7 (l-a) 7 \i/24x2-, 

(4.2) + 7{4{a/3(l - a)(l - /3)} 3/8 -2{a/3(l - a)(l - /3)} 1/8 -7{a/3(l - a)(l - /3)} 1/4 }= 0. 

We prove (4.2). 

Set i := (a/3) 1 / 8 . Then, by (3.10), we have 

(4.3) {(l- a )(l-/?)} 1/8 =l-t. 
Let a; := 1 — 2t, from (3.11), we have 

, N //3 7 (1-/3) 7 \V24 l-xm , /a 7 (l - a) 7 \V24 1 + 7x/m 

(4 - 4) (^T^r) = "I— and bo^sr) = — 

Similarly, (3.12) is equivalent to 

(4.5) m-7/m = 2(2t-l)(2t 2 -2t + 3). 

Now using (4.4) and (4.5), we find after some algebra that 



— ( (to - 7/m) 2 + 6x(m - 7/to) - 14x 2 + 14) 
16 V / 



(4.6) = 7(4 1 6 - 12 t b + 19 1 4 - 18 i 3 + 5 t 2 + 2 1) . 
Moreover, 

7{4{ a /3(l - a)(l - /3)} 3/8 -2{a/3(l - a)(l - /3)} 1/8 -7{a/3(l - a)(l - /3)} 1/4 } 
= 7(4i 3 (l - i) 3 - 2t(l -t)- 7i 2 (l - i) 2 ) 

(4.7) = -7(4 1 6 - 12 1 5 + 19 1 4 - 18 i 3 + 5 t 2 + 2 i) . 

This completes the proof of (4.2). Hence the proof of Theorem 1.3 is complete. Next, we determine 
[q n }((f 3 (q)(f 3 (q 7 )) and [q n }(q 3 tp 3 {q)^ 3 (q 7 )) which are the number of representations of an integer by 
the sextenary forms x 2 + y 2 + z 2 + 7s 2 + 7i 2 + 7u 2 and (a; 2 + ?/ 2 + z 2 + 7s 2 + 7t 2 + 7u 2 )/8 with x, y, z, s, t 
and u being odd for the later case. 
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Corollary 4.1. Suppose n has the prime factorization 



i=l j=l 

with pi odd Pi = 1,2, 4 (mod 7), qj = 3, 5, 6 (mod 7), and b = ^2j =1 Wj . 
if n is odd, then 

(^W(<? 7 )) = i(7 2c+1 - (-l^J] ^-j- II ' 1 + 1 

(4.s, t ^n^n £g^a , 

»=i j=i 

i/n is even, t/ien 

1 _ „ 2 «.+ 2 » (-1)^ + 2 ^+ 2 

b"] (*w(« 7 » - ^(7 2c+i - (-D 6 )(4 d+i - 7) n VV n tt! — 

24 i=l 1 P i j=l 

(4.9) - \{-7f (7F(2, d) + 8F(2, d - 1)) f[ Ffo, w< ) ft gf^ij±g) . 

4 i=i j=i 2 

Proof. From (1.6) with g replaced by — q, and the definitions (2.1), (2.2), and (2.6), we have that 

(4.10) 8<p 3 (q)p 3 (q 7 ) = 8 + L(-q) - 7K(-q) - 8L(q 2 ) + 56K(q 2 ) - 42M(-g) - 48M(g 2 ). 
Therefore, 

(4.11) 8[q 2n+1 ] (^ 3 (g W))= k 2n+1 ] (7K(q) - L(q) + 42M(g)) 
and 

(4.12) 8[g 2 "](^(g)^ 3 (g 7 )) = [g 2 "](8 + L(g) - 8i(g 2 ) - 7K(q) + 56K(q 2 ) - 42M(g) - 48M(q 2 )). 
These two equations together with (2.4), (2.5) and (2.7) imply (4.8) and (4.9). 

Corollary 4.2. Suppose n has the prime factorization 

n = 7^f[ P rf[qJ\ 

i=l j=l 

with P i odd Pi = 1, 2, 4 (mod 7), qj = 3, 5, 6 (mod 7), and b = Y^ S j = i w j ■ 



□ 



i/n is odd, i/ien 



vi f=\ 1 + 



(4.i3) -|(-7rn^.)n 9/(1+ 2 ( " iro 

i/n is even, t/ien 



[g-i (q^q)^ 7 )) = ^-(t^ 1 - (-D")n n 1+ ) 

2 — 1 Z j — 1 J 



2m)j+2 

J 

2 



(4-14) - A ( _ 7)C (F(2) d) + 7F(2, d - 1)) J] F(Pi,Vi) R % 1 2 l ' 

i=l j=l 
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The proof of Corollary 4.2 is very similar to that of Corollary 4.1 and we forgo its proof. 

5. Proof of Theorem 1.1 
From (1.7) and the definitions (2.1), (2.2), and (2.6), we have that 

32g 2 (2# 3 (^V)- : ^) 

(5.1) = 3K(q) - 7K(q 2 ) - L(q) - 2M(q) + L(q 2 ) - 42M(q 2 ). 

Explicit check shows that (1.4) is valid for n = 0, 6 or n — 16 and so we assume in this section that 
n 7^ 0, 6 or 16. From (5.1), we see that 

(5.2) 32[g 2 "- 1 ](2#W(g 7 ) - ^Q) = ll 2n+1 ] (3K(q) L(q) 2M{q)) . 

Let r(n) := [q n ] (3K(q) — L(q) — 2M(q)). Instead of proving that (5.2) is nonnegative, we will prove 
the stronger statement that if n > 1 , then 

(5.3) r{n) > 0. 
If [q n ]M(q) = 0, then by (2.4) and (2.5), we have that 

r(n) = [q n }(3K(q)-L(q)) 

r , 2vi+2 a /_ -i \ Wj i 2w i + 2 

( 5 - 4 ) =(3-7 2c - (-D h )n i T i V- n \1j > °< 



V 11 1 + q 

i=i ' ^ j=i T h 



where n has the prime factorization 



» = *°IRIK'. 

»=i j=i 

with ^ = 1, 2, 4 (mod 7), = 3, 5, 6 (mod 7), and b = X)j=i w r 

Let s(n) := [q n ]M(q), assuming now that s(n) ^ 0, we have by (2.4), (2.5), (2.7), 

r 1 _ 2v i+ 2 s 1 -I- n 2w i +2 ( \ 

(5.5) r(n) - 1 7" c { (3.7 2c - l)TT n J* TT J-^ 2 ^ - 2.7 C .-^-). 

From (2.8), we observe that 

F(p, r) = g o9 ^ 9 = ^ + /J 2 - 2 /? 2 + ... + ^, 



where p = (3(3. Therefore, 

(5.6) \F(p,r)\ < (r + l)p r . 
It is easy to show that if p and q as above and w is even, then 

2t,+2 f 11 ifp> 2oru > 2 

(5.7) — 5/3 ifp = 2,« = l 

|F(p,«)|(l-p2) | 21/g i{p = 2 v = 2 

and 

, . g 2M,+2 + 1 f 11 ifg>3orw>3 

( j q w (l + q 2 ) ~ { 8 if 4 = 3, W = 2. 

Using (5.7) and (5.8) in (5.5), we conclude that 
(5.9) r(n) > 7~ c {^i.l 2c - l).| - 2.7 C ^) > 7~ c ((3.7 2c - l)-2.7 c ) > 0. 
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Next, we look at even-indexed coefficients. From (5.1), we find that 

32[ 9 2 "](2#W(9V : |^) 

(5.10) = [q 2n+2 \ (3K(q) - 7K(q 2 ) - L(q) - 2M(q) + L(q 2 ) - A2M{q 2 )) . 
Therefore, it remains to prove 

(5.11) [q n ] (3K(q) - 7K(q 2 ) - L(q) - 2M(q) + L(q 2 ) - A2M{q 2 )) > 0, 

where n is an even integer, n^0 + 2 = 2, 6 + 2 = 8orl6 + 2 = 18. Suppose n has the prime 
factorization 

i=l j=l 

where ^ odd p,- L = l,2,4(mod7), qj = 3,5,6(mod7), b = J2j=i w j an d d > 0. Employing (2.4) and 
(2.5), we find that 

[q n ] (3K(q) - 7K(q 2 ) - L(q) + L{q 2 )) 

i r 1 2vi+2 s (_-i\Wj i 2M, i+ 2 

= l (7 2c (5.4 d + 4) - ( -i)».3.4«o n i T i V- n i l q i — > o. 

d i=l 1 P i 3 = 1 l+q j 

which proves (5.11) if [q n ]M(q) = 0. Thus, we assume now that [q n ]M(q) ^ that is Wi and hence b 
are all even, by (2.7), we find that 



[q n ] (3K(q) - 7K(q 2 ) - L(q) - 2M(q) + L(q 2 ) - A2M(q 2 )) 

- n «r< n ™..«>i{§ + <> - ^ n jr^fer n ^ 



-2-(- 



W2 ,d) + i iiJP(2,d-i))n 1 ^j.} 

i r i _ 2t>i+2 s 1 I n 2w 3+ 2 

a i(r^ + 4)-3,^n (i ^ Pi)| n_|^ 

(5.12) -2.7 c |F(2,rf) + 21f(2,rf-l)|. 
Let 

(5.13) Si := i (7 2c (5.4 d + 4) - 3.4 d ) A(n) - 2.7 C |F(2, d) + 21F(2, d - 1) | 
where 



1 — 2t)i+2 s \ \ Q 



2vt+2 _s_ -| j_ ^2u> 3 +2 



t\(l-pf)\F( Pl ,V 2 )\f = \(l + ql)q;>- 

From (5.7), (5.8), and (5.6), we find that 

(5.15) Si >S 2 :=r, (7 2c (5.4 d + 4) - 3.4 d ) - 2.7 C |F(2, d) + 21F(2, d - 1)| 

(5.16) > S 3 := i (7 2c (5.4 d + 4) - 3.4 d ) - 2.7 c ((rf + l)2 d + 21d2 d ~ 1 ) 

(5.17) = — (7 c (5.4 d + 4) - 3.4 d - 3(23d + 2)2 d ) . 

It is easy to show that S3 > if c > 1 except for c = 1 and d = 2 but S2 > for c = 1 and d = 2. 
Observe that S3 > if d > 8 and c = 0. Direct evaluation shows that S2 > if c = 0, d = 4, 5, 6, 7 or 
8. For the remaining cases, c = 0, d = 1,2, or 3, by (5.7) and (5.8), we have that A(n) > 11 unless 
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n = 2 d Z w with < w < 2. The validity of (5.11) can easily be checked for n = 4, 12, 36 (n = 2, 8 or 
18 and w = 1 are already excluded). Assuming A(n) > 11, direct computation show that Si > if 
c = 0, d =1,2, or 3. Hence, the proof of Theorem 1.1 is complete. 

6. Proof of Theorem 1.2 
From (1.7), and the definitions (2.1), (2.2), and (2.6), we find that 

6V(^-#W(? 7 ) 

(6.1) = L(q) - L(q 2 ) + K(q) - K(q 2 ) - 2M{q) + 6 (K(q 2 ) + 7M(q 2 )) + 2K{q 2 ). 

It is clear from (2.5) that [q n ]K{q 2 ) > 0. Below we assume that n / 2. Validity of (1.5) for the 
corresponding value of n — 2 can easily be checked. Therefore, it suffices to prove that if n ^ 2, then 

(6.2) [q n ] (K{q) + 7M(q)) > 
and 

(6.3) [q n ] (L(q) - L(q 2 ) + K(q) - K(q 2 ) - 2M(q)) > 0. 
We start with (6.2). From (2.5) , 

(6.4) [q n }(K(q) + 7M(q)) > if s(n) := [q n ]M(q) = 0. 
Assuming that s(n) ^ 0, by (2.5), (2.7), (5.7), and by (5.8), we find that 

\s(n)\ l\(l-pnnPi,v i )\j-} 1 qJ i (l + q 2 ) > ' 

provided n ^ 2 or 4 . However, s(4) > and so we conclude that 



((».(.) ['/"] (A-(,) + 7.U(,/)) = |,(„)| I ffiM + 7^ ) ( < 



|*(n)| |s(n)| 

Next, we prove (6.3). Assume as before that n has the prime factorization 

»=i j=i 

with ft odd pi = 1, 2, 4 (mod 7), <?j = 3, 5, 6 (mod 7), b = w j- 
From (2.4) and (2.5), we find that 



[«»] - L( g 2 ) + ^ («) - a ( , 2 )) = ( 7 2c + (-1)^)2^ n n n +i — > 0, 

i=l " Pi' J=l ^"Ty?'-' 

which proves (6.3) if s(n) = 0. Next assume that s(n) ^ 0. Then, Wj and 6 are all even and by 
employing (2.7), (5.7), and (5.8), we find that 

(6.7) [q n ] (L(q) - L(q 2 ) + K(q) - K(q 2 ) - 2M(q)) 

(6 8) -\c(n) ^ 7C + 7 ^ 22d f] 1 -^' +2 f[ 1 + ^" +2 _ 2 ^Rl > o 

( } \F(2,d)\ 11 (1 (ft, «,)| 11,^(1 + ^) 2 Kn)|/-°' 

since |F(2,d)| < (d+ l)2 d < 2 2d by (5.6). 
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7. Concluding Remarks 



We would like to point out that another upper bound for the coefficients of 7-cores is given by the 
inequality 



(7.1) [ q n }^( q )<p 3 ( q 7 ))>5{ q n }( q 3 ^( q )^(q 7 )) > fe"](V-^) for 2, 4, 7, 14, 22, 29, 58. 



The proof of the first part of this inequality is similar to that of Theorem 1.1 and is omitted for space 
considerations. The second part of this inequality follows from Theorem 1.1. It would be interesting 
to prove all these inequalities for 7-cores in a completely elementary manner. It is natural to ask if 
our inequalities extend to general i-cores. We offer the following inequality as a conjecture: 



We would like to thank George Andrews, Frank Garvan, Michael Somos and James Sellers for their 
interest and helpful comments. 
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